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Abstract
In this Note, we present a Caldero´n-type uniqueness theorem on the Cauchy problem of
stochastic partial differential equations. To this aim, we introduce the concept of stochastic
pseudo-differential operators, and establish their boundedness and other fundamental properties.
The proof of our uniqueness theorem is based on a new Carleman-type estimate.
1 Introduction and the main result
In his remarkable paper [1], A.-P. Caldero´n established a fundamental result on the uniqueness
of the non-characteristic Cauchy problem for general partial differential equations. One of the
main tools introduced in [1] is a preliminary version of the symbol calculation technique, which
stimulated the appearance of the theory of pseudo-differential operators ([4, 5]). Later, Caldero´n’s
uniqueness theorem was extended to the operators with characteristics of high multiplicity. We
refer to [6] and the references cited therein for some deep results in this topic.
In recent years, one can find more and more studies on stochastic partial differential equations
(SPDEs for short). However, as far as we know, there is no work addressing the uniqueness on
the Cauchy problem for general SPDEs. The main purpose of this Note is to extend the classical
Caldero´n’s uniqueness theorem (in [1]) to the stochastic setting. In order to present the key idea
in the simplest way, we do not pursue the full technical generality in this Note. More precisely, we
focus mainly on the Cauchy problem for SPDEs in the case of simple characteristics.
Throughout this Note, (Ω,F , {Ft}t≥0, P ) is a given complete filtered probability space, on which
a 1-dimensional standard Brownian motion {w(t)}t≥0 is defined. Fix T > 0, n,m ∈ N\{0}, and
a neighborhood U of the origin in Rn. Let H be a Banach space. We denote by L∞F (0, T ;H) the
Banach space consisting of all H-valued {Ft}t≥0-adapted bounded processes, with the canonical
norm; and by L2F (Ω;C
m([0, T ];H)) the Banach space consisting of all H-valued {Ft}t≥0-adapted
m-th order continuous differential processes X(·) such that E(|X(·)|2
Cm([0,T ];H)) < ∞, with the
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canonical norm. We consider the Cauchy problem for the following linear SPDE of order m:


1
i
dDm−1t u =
m−1∑
k=0
∑
|α|=m−k
aα(t, ω, x)D
α
xD
k
t udt
+
∑
|β|<m
[
bβ(t, ω, x)D
β
t,xudt+ cβ(t, ω, x)D
β
t,xudw(t)
]
in (0, T ) × Ω× U,
u(0) = Dtu(0) = · · · = D
m−1
t u(0) = 0 in Ω× U.
(1.1)
In (1.1), Dt =
1
i
∂
∂t
, Dxk =
1
i
∂
∂xk
, i is the imaginary unit, α and β denote multi-indices, and
aα, bβ, cβ ∈ L
∞
F (Ω;C
l([0, T ]× U) for any l ∈ N.
Denote by pm(t, ω, x, τ, ξ)
△
= τm−
m−1∑
k=0
∑
|α|=m−k
aα(t, ω, x)ξ
ατk the symbol of the principal opera-
tor appeared in (1.1), and by {λk(t, ω, x, ξ); k = 1, · · · ,m} the characteristic roots of pm(t, ω, x, τ, ξ)
for any (t, ω, x, ξ) ∈ (0, T ) × Ω × U × Rn, i.e., pm(t, ω, x, λk(t, ω, x, ξ), ξ) = 0. We introduce the
following hypotheses:
(H1) All roots λk(t, ω, x, ξ) (k = 1, · · · ,m) are simple for any (t, ω, x, ξ) ∈ (0, T )×Ω×U ×R
n and
|ξ| = 1;
(H2) For any (t, ω, x, ξ) ∈ (0, T )×Ω×U ×Rn satisfying |ξ| = 1 and any complex root λk(t, ω, x, ξ),
|Imλk(t, ω, x, ξ)| ≥ ε for some positive constant ε;
(H3) For any (t, ω, x, ξ) ∈ (0, T ) × Ω × U × Rn satisfying |ξ| = 1, and any two distinct roots
λj(t, ω, x, ξ) and λk(t, ω, x, ξ), |λj(t, ω, x, ξ) − λk(t, x, ω, ξ)| ≥ ε for some positive constant ε.
The main result in this Note is stated as follows.
Theorem 1.1 Suppose that hypotheses (H1)–(H3) hold and u ∈
⋂
k1+k2=m−1
L2F (Ω;C
k1([0, T ];Hk2(U))
is a strong solution of equation (1.1). Then there exist a neighborhood V (⊂ U) of the origin in Rn
and a sufficiently small T ′ > 0 such that u vanishes in (0, T ′)× Ω× V .
We remark that the uniqueness problem in the above simple case is by no means easy to treat.
Indeed, to do this we need to introduce the concept of stochastic pseudo-differential operators
(SPDOs for short) and to study their main properties. It is a little surprising that the theory
of stochastic pseudo-differential operators was not available in the previous literatures although a
related yet different theory for random pseudo-differential operators was introduced in [2]. Clearly,
the study of stochastic pseudo-differential operators has independent interest.
We refer to [3] for the details of the proofs of the results in this Note and other results in this
context.
2 Stochastic pseudo-differential operators
As a crucial preliminary to prove Theorem 1.1, in this section we present some relevant notions
and results on SPDOs. First, we give the definition of symbol (for SPDOs). In the sequel, l ∈ R,
p ∈ [1,∞], and G is a domain in Rn.
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Definition 2.1 If a complex-valued function a ≡ a(t, ω, x, ξ) satisfies: 1) a(t, ω, ·, ·) ∈ C∞(G×Rn),
∀ (t, ω) ∈ [0, T ]×Ω; 2) a(·, ·, x, ξ) is {Ft}t≥0−adapted, ∀ (x, ξ) ∈ G×R
n; and 3) For any two multi-
indices α and β, and any compact subset K ⊆ G, there exists a measurable function Mα,β,K(·, ·)
such that Mα,β,K(·, ·) ∈ L
p
F (0, T ) and
∣∣∣∂αξ ∂βxa(t, ω, x, ξ)
∣∣∣ ≤Mα,β,K(t, ω)(1 + |ξ|)l−|α|, ∀ (t, ω, x, ξ) ∈
[0, T ]× Ω×K × Rn, then a is called a symbol of order (l, p) and denoted by a ∈ Slp(G× R
n).
We denote S∞p (G × R
n) =
⋃
m∈R
Smp (G × R
n), and S−∞p (G × R
n) =
⋂
m∈R
Smp (G × R
n). Now, for
any a ∈ Slp(G× R
n), we define a SPDO A (of order (l, p)) by
(Au)(t, ω, x) = (2pi)−n
∫
Rn
eix·ξa(t, ω, x, ξ)uˆ(t, ω, ξ)dξ,
where uˆ(t, ω, ξ) =
∫
G
e−ix·ξu(t, ω, x)dx. We denote A ∈ Llp.
Similar to the deterministic case, we define the amplitude, kernel, adjoint operator, conju-
gate operator and properly supported SPDO. Furthermore, we can also establish the asymp-
totic expansion of symbol, etc. Here we state only the boundedness result and invertibility
of stochastic elliptic operators. For s ∈ R, put Hscomp(G) = {u ∈ H
s(G) | u ∈ E ′(G)} and
Hsloc(G) = {u ∈ D
′(G) | uψ ∈ Hs(G) for any ψ ∈ C∞0 (G)}. We have the following boundedness
result.
Theorem 2.1 If A ∈ Ll∞, then A : L
p
F (0, T ;H
s
comp(G))→ L
p
F (0, T ;H
s−l
loc (G)) is continuous.
In the rest of this section, we give the definition of elliptic SPDOs and the invertibility result.
Definition 2.2 If the symbol a ∈ Slp(G × R
n) satisfies that for any compact subset K ⊆ G, there
exist two positive constants CK and RK such that |a(t, ω, x, ξ)| ≥ CK(1 + |ξ|)
m for any (t, ω) ∈
[0, T ]× Ω, x ∈ K and ξ ∈ Rn with |ξ| ≥ RK , then A is called to be elliptic.
Theorem 2.2 Suppose that A ∈ Ll∞ is elliptic. Then there exist two operators B1, B2 ∈ L
−l
∞ ,
which are the single-sided inverse for A modulo smoothing operators, namely, B1A− I ∈ L
−∞
∞ and
AB2 − I ∈ L
−∞
∞ .
3 Proof of Theorem 1.1
In this section, we give a sketch of the proof of Theorem 1.1. Similar to the deterministic setting, we
need to reduce (1.1) to a SPDE of order 1. For this, we denote Ak =
∑
|α|=m−k
aα(t, ω, x)D
α
x . Denote
by ak(t, ω, x, ξ) the symbol of Ak. Also, we introduce a pseudo-differential operator Λ
s, whose sym-
bol is (1+ |ξ|2)
s
2 . Put M = (Λm−1u,DtΛ
m−2u, · · · ,Dm−1t u)
⊤. Then, the first equation of (1.1) can
be rewritten as 1
i
dM = AMdt+fdt+Fdw(t), where A =


0 Λ · · · 0
...
...
...
...
0 0 · · · Λ
AmΛ
1−m Am−1Λ
2−m · · · A1

 ,
f = (0, 0, · · · ,
∑
|β|<m
bβ(t, ω, x)D
β
t,xu)
⊤, and F = (0, 0, · · · ,
∑
|β|<m
cβ(t, ω, x)D
β
t,xu)
⊤.
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Denote by A0 the pseudo-differential operator with the following symbol
σ(A0) =


0 |ξ| · · · 0
...
...
...
...
0 0 · · · |ξ|
am|ξ|
1−m am−1|ξ|
2−m · · · a1

 .
By (H1), the operator A0 can be diagonalized. By (H2), if the element of the diagonalization matrix
is A1(t) + iB1(t), then either B1(t) = 0 or B1(t) is an elliptic SPDO.
By the boundedness and invertibility of elliptic SPDOs, the desired uniqueness result follows
from the following new Carleman-type estimate for the operator “1
i
dz −A1(t)zdt− iB1(t)zdt”.
Proposition 3.1 Suppose that z ∈ L2F (Ω;C([0, T ];L
2(Rn))) is an L2(Rn)-valued semimartingale
and z(0) = z(T ) = 0 a.s. Then,
E
∫ T
0 e
µ(t−T )2 |z(t)|2
L2(Rn)dt+
1
µ
E
∫ T
0 e
µ(t−T )2 |µ(t− T )z(t)−B1(t)z(t)|
2
L2(Rn)dt
≤ 4
µ
ReE
∫ T
0
∫
Rn
eµ(t−T )
2
[
1
i
dz −A1(t)zdt− iB1(t)zdt
]
· [iµ(t− T )z − iB1(t)z]dx
− 2
µ
ImE
∫ T
0
∫
Rn
eµ(t−T )
2
[
1
i
dz −A1(t)zdt− iB1(t)zdt
]
· (B1(t)−B∗1(t))zdx
−2E
∫ T
0
∫
Rn
(t− T )eµ(t−T )
2
|dz|2dx− 2
µ
ReE
∫ T
0 e
µ(t−T )2(dz,B1(dz))L2(Rn),L2(Rn)
for sufficiently small µ−1 and T , where B∗1 denotes the conjugate operator of B1.
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